THINK -TAC-TOE: WHEN ARE PUZZLES
SOLVABLE?

o Susa Stonedahl & Forrest Stonedahl
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Motivation

Cotaught a middle school math enrichment prograr
A Students like puzzles

A Experienced and inexperienced mathematicians are on
more even ground when facing a new puzzle




Rules of ThinkacToe

A In ThinkTacToe the puzzler trie® discover the
KARRSY t20lF0A2ya 2T+ - Q
number clues

A Thenumber in each square tells you the number
2F - Qa Ay OKI G .aljdzr NBQ
i 1 aljdad NFQa YySAIKOZNK22R

itself and any squares that it shares an edge or a

O corner with.
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NHMININ @O <,

C2NJ SEI YLJX

Clues Solution

LT ¢S 221 Fd GKS n
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C2NJ SEI YLIJ ¢

Clues Solution

CKS 6K2fS YySAITKO2Z2NK
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Clues Solution

LT ¢S 221 0 GKS ™
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NHMININ @O <,

C2NJ SEI YLIJ ¢

Clues Solution

CKS YySAIKO2NK22R | f
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C2NJ SEI YLIJ ¢

Clues Solution

LT ¢S 221 0 GKSA&S



C2NJ SEI YLI ¢

Clues Solution

They each need another X.
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% Clues Solution
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The puzzle is solved!
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This puzzle could have originated as any of thes
F2dzNJ a2t dziA2yas &z

(Puzzle creation operation is not invertible!)
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Which grid sizes are always solvable?
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iWe can treat the puzzle grid as a gr;p
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T: locations in the grid  A: corresponding adjacency matri
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clues solution

D_x_i.n_xn_xn_ul
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/c‘:’: cluesvector(#'sfrom0to9)
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S™ solution \ector

(O'stor O'sandl’sfor X's)



Solvabllity

4

Pal

ONBIFGAYy 3 Lidzl 1 f 5K

Aéj— (\:, A:adjacencymatrix

\ .

S solution ector
\J

C : cluesvector
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Solvabllity

4

e ~ ~ Pal

ONBI GAy3 LIz 1T t BX : :
u G A:adjacencymatrix

As =C o .
S solution ector
a2zt oAy3 Ldd 1t 5K ¢S cluesvector

CHE
S=A"'C

If the corresponding adjacency matrix, A, Is invertible, then
the puzzle is solvable!
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L When iIs the ¥N Puzzle Solvablef.!

A Our goal is to discover when arxM matrix
LJdzl 1 £ S Aa azf @glofSxT 0c
problem first.
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L When is the ¥N Puzzle Solvableu.!
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L When is the kN Adjacency Matrix Invertible:.}

NIAMININ@] O]

I
@)




When is the kN Adjacency Matrix Invertible”

When iIs the determinant nogero?
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Determinant of a &k adjacency matrix..
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Determinant of a &k adjacency matrix..
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Determinant of a &k adjacency matrix..

The same form of a matrix, but with a
different number of rows and columns
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Determinant of a &k adjacency matrix..

The same form of a matrix, but with a
different number of rows and columns
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Expanding by the first column.




L Determinant of a ¥k adjacency matrix..i

det(A)=det(A,)-det(A,)
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L fAGOES FEaS

det(A)=det(A, ,)-det(A,)
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L fAGGES Ffade

det(A)=det(A, ,)-det(A,)
det(A.)=det(A ,)-det(A ;)
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det(A)=det(A, ,)-det(A,)
det(A.,)=det(A_,)-det(A ;)
det(A)=det(A.,)-det(A ;)-det(A )
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det(A)=det(A, ,)-det(A,)

det(A,)=det(A)-det(A ;)
det(A)=det(A)-det(A 5)-dettAs,
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é det(A)=det(A_,)-det(A,)

220 det(A.)=det(A,)-det(A.)

det(A)=det(A, )
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det(A)= — O ifk (mod 3)
JX(-l)k if k 0(mod 3)
Base cases: Given:
AeUA)=L 1 det(A)=det(A.o)
det(A,)=0
det(Ay)=1
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Lemma

1xN puzzles are solvabie Nt 2 (mod 3
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t When is MkN Solvable? i
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*
Is the &3 Solvable?

4

TanTlay TanTenley leyTen ez 1k

Tanf1 1 011 0 0 0 0
21111111000

:(eedsdgﬁ]‘g 5001101100 0

. . Ten1 1 0110110

;lrlnesl drg ?Eréx 21171111111 1

OOO dentity 1(2,3) o011 01101 1
. snl0 0 011 0110
T T2l 0011111 1
é g 3 le\0 0 001101 1




| (221 Ay3 F2NIL

4

O TanTay Tasn TenTer Tes Ten 162 16,3
9 Thesame 'aof(1 1 0 1 1 0 0 0 0)
2 3x3blockis™»|1 11111000
3.2 repeated '»(0 11 011000

e 11 011 0110

Te’11 111111 1
O (0011 0110 1 1
S )]0 00110110
5T3T5 ‘10 0 01 11 1 1 1
ALk 'le{0 00O 0O1 10 1 1,
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The blocks are In fact thex2 A matrix\

oo/

TapTla Tasy Tenley lesy Ten 1o a3
Tan (M4 0 )
T [(MIX31 11x3! °0’s
Tan| 1 1
ReR) 11 0
Tea X371 1Mx3!T 1x3
e T3 01 1
O 8 T 110
232 Ten| 0 Qs 1X37 1x3 1
453 0 1 1,
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The blocks are In fact the<x2 A matrix
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1x3' 1x3

\

1x3' ©0’s

1x3 1x3

O Upper row and TanTay Tasn TenTley Tes Ten Ie) a3
Q how cells relate Ta.n [
3|12] toeachother T —=
2 X3
32 Tas
Middle row Loy
Tea| 11 X3
O Tes
O 8 Bottom row Ta
T J
2372 52 0 S
4|53 T(3,3>\
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The blocks are In fact the<x2 A matrix
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TapTla Tasy Tenley lesy Ten 1o a3
Tan(M 1 0O )
Tan| X3 1T 11x31 00’s
, t Tan| 1 1
pper row to
middle row \(\ 110
e[ %31 1Mx3' 1x3
e T3 01 1
SN Ta 110
2[3]2 Ten| 0 Qs 1X37 1x3 1
agE 0 1 1,
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And the XN blocks for an Mo X |
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T(*,l) T(*,Q) T(*,3) T(*’4) ............................. T(*,M)
Loy
L)
T )
Ty
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OXIO
O
: . IxN IxN IxN
232 g
4153 T,
3302 (*.M) 0 IxN IxN




The MxN Can be row reduced like this If theM can l

0S NRS NBRIdZOSRX wa |T

T(*,l)
T(*,Q)
T(*>3)
T(*,4)
O
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T(*pl) T(*,Q) T(*,3) T(*,4) ............................. T(*,M)
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—
[ End of the Proof

<

So any MN puzzle is solvable If the<dl
and I1xM versions are solvable.

By our lemma, this Is true whenever
b rH YpavidvVR Hmod 3)

QED
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Open Problems / Future Work

~Alternative lattice structures?

~ Alternative neighborhoods:."
~ e.g. don't count yourself /0




. . \\
Take ThinklacToe with you!

<

. Give the puzzles a tythey're fun!

. Give them to students

. Solve an open question from the previous slid
. Develop a new variation

- Something completely different
OOO . And tell us about it we'd love to hear from you
O
2132 http://www.stonedahl.com/thinktactoe/
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QUESTIONS?
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Extra slides follow
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A And this neighborhood?
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