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Susa Stonedahl & Forrest Stonedahl 

MathFest:  August 5, 2011 

THINK -TAC-TOE:  WHEN ARE PUZZLES 

SOLVABLE? 
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Motivation 

Co-taught a middle school math enrichment program 

ÅStudents like puzzles 

ÅExperienced and inexperienced mathematicians are on 
more even ground when facing a new puzzle 
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Rules of Think-Tac-Toe 

ÅIn Think-Tac-Toe the puzzler tries to discover the 
ƘƛŘŘŜƴ ƭƻŎŀǘƛƻƴǎ ƻŦ ·Ωǎ ŀƴŘ hΩǎ ƛƴ ŀ ƎǊƛŘ ōȅ ǳǎƛƴƎ 
number clues. 

 

ÅThe number in each square tells you the number 
ƻŦ ·Ωǎ ƛƴ ǘƘŀǘ ǎǉǳŀǊŜΩǎ ƴŜƛƎƘōƻǊƘƻƻŘ. 
ï  ! ǎǉǳŀǊŜΩǎ ƴŜƛƎƘōƻǊƘƻƻŘ ƛǎ ƳŀŘŜ ǳǇ ƻŦ ǘƘŜ ǎǉǳŀǊŜ 

itself and any squares that it shares an edge or a 
corner with. 
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CƻǊ ŜȄŀƳǇƭŜΧ 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  LŦ ǿŜ ƭƻƻƪ ŀǘ ǘƘŜ пΧΦ 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  ¢ƘŜ ǿƘƻƭŜ ƴŜƛƎƘōƻǊƘƻƻŘ Ƙŀǎ ·Ωǎ 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  LŦ ǿŜ ƭƻƻƪ ŀǘ ǘƘŜ мΧ 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  ¢ƘŜ ƴŜƛƎƘōƻǊƘƻƻŘ ŀƭǊŜŀŘȅ Ƙŀǎ ƛǘΩǎ άмέ 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  LŦ ǿŜ ƭƻƻƪ ŀǘ ǘƘŜǎŜ оΩǎΧ 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  They each need another X. 
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CƻǊ ŜȄŀƳǇƭŜΧ 

 

 

 

 

 

 

 

  The puzzle is solved! 
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But NOT !ƭƭ tǳȊȊƭŜǎ !ǊŜ {ƻƭǾŀōƭŜΧ 

 

 

 This puzzle could have originated as any of these 
ŦƻǳǊ ǎƻƭǳǘƛƻƴǎΣ ǎƻ ƛǘΩǎ ƴƻǘ ǎƻƭǾŀōƭŜΦ 

(Puzzle creation operation is not invertible!) 
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hǳǊ vǳŜǎǘƛƻƴ ƛǎΧ 

Which grid sizes are always solvable? 
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We can treat the puzzle grid as a graph 
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3×о !ŘƧŀŎŜƴŎȅ aŀǘǊƛȄΧ 

  

A:  corresponding adjacency matrix T: locations in the grid 
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3×о {ƻƭǳǘƛƻƴ ŀƴŘ /ƭǳŜ ±ŜŎǘƻǊǎΧ 

  

s)X'for  s1' and sO'for  s(0'

ector solution v :              s
G

9)  to0 from s'(# vector clues :c
G

clues solution 
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Solvability 

   

 

 

 

 

 

 

 

csA
GG
=

ectorsolution v :s
G

 vectorclues :c
G

matrixadjacency  :A
ŎǊŜŀǘƛƴƎ ǇǳȊȊƭŜΧ 



18 

Solvability 

   
 
 
 
 
 
 
 

 
ÅIf the corresponding adjacency matrix, A, is invertible, then 

the puzzle is solvable! 

 

csA
GG
=

cAs
GG 1-=

ectorsolution v :s
G

 vectorclues :c
G

matrixadjacency  :A
ŎǊŜŀǘƛƴƎ ǇǳȊȊƭŜΧ 

ǎƻƭǾƛƴƎ ǇǳȊȊƭŜΧ 
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When is the 1×N Puzzle Solvable? 

ÅOur goal is to discover when an M×N matrix 
ǇǳȊȊƭŜ ƛǎ ǎƻƭǾŀōƭŜΣ ōǳǘ ƭŜǘΩǎ ǎƻƭǾŜ ŀ ǎƛƳǇƭŜǊ 
problem first. 
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When is the 1×N Puzzle Solvable? 



21 

When is the 1×N Adjacency Matrix Invertible? 
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When is the 1×N Adjacency Matrix Invertible? 

When is the determinant non-zero? 
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Determinant of a 1×k adjacency matrix.. 
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Determinant of a 1×k adjacency matrix.. 
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Determinant of a 1×k adjacency matrix.. 

The same form of a matrix, but with a 
different number of rows and columns 
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Determinant of a 1×k adjacency matrix.. 

The same form of a matrix, but with a 
different number of rows and columns 

Ak Ak-1 B 
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9ȄǇŀƴŘƛƴƎ ŀƎŀƛƴΧ 

Expanding by the first column. 

B Ak-2 



28 

Determinant of a 1×k adjacency matrix.. 

Ak Ak-1 

det(Ak)=det(Ak-1)-det(Ak-2) 

Ak-2 
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! ƭƛǘǘƭŜ ŀƭƎŜōǊŀΧ 

det(Ak)=det(Ak-1)-det(Ak-2) 



30 

! ƭƛǘǘƭŜ ŀƭƎŜōǊŀΧ 

det(Ak)=det(Ak-1)-det(Ak-2) 

det(Ak-1)=det(Ak-2)-det(Ak-3) 
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det(Ak-1)=det(Ak-2)-det(Ak-3) 

det(Ak)=det(Ak-1)-det(Ak-2) 

! ƭƛǘǘƭŜ ŀƭƎŜōǊŀΧ 

det(Ak)=det(Ak-2)-det(Ak-3)-det(Ak-2) 
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det(Ak-1)=det(Ak-2)-det(Ak-3) 

det(Ak)=det(Ak-1)-det(Ak-2) 

! ƭƛǘǘƭŜ ŀƭƎŜōǊŀΧ 

det(Ak)=det(Ak-2)-det(Ak-3)-det(Ak-2) 



33 

det(Ak-1)=det(Ak-2)-det(Ak-3) 

det(Ak)=det(Ak-1)-det(Ak-2) 

! ƭƛǘǘƭŜ ŀƭƎŜōǊŀΧ 

det(Ak)=-det(Ak-3) 
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tǊƻƻŦ ōȅ {ǘǊƻƴƎ LƴŘǳŎǘƛƻƴΧ 

det(A1)=1 

det(A2)=0 

det(Ak)=-det(Ak-3) 

det(A3)=-1 

Base cases: Given: 

det(Ak)= 
1×(-1)k+1   ƛŦ ƪ  м όƳƻŘ оύ 
0                if k  н (mod 3) 
1×(-1)k         if k  0 (mod 3) 
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Lemma 

1×N puzzles are solvable iff N ґ 2 (mod 3) 
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When is M×N Solvable? 

bƻǿ ǘƘŀǘ ǿŜΩǾŜ ǎƻƭǾŜŘ ǘƘŜ м×N case,  

ƭŜǘΩǎ ǎƻƭǾŜ ǘƘŜ ƳƻǊŜ ƎŜƴŜǊŀƭ a×N case! 
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Is the 3×3 Solvable? 

Yes, row 
reducing 
this matrix 
yields the 
identity 
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[ƻƻƪƛƴƎ ŦƻǊ ǇŀǘǘŜǊƴǎΧ 

The same 
3×3 block is 
repeated 
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The blocks are in fact the 1×3 A matrix 
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The blocks are in fact the 1×3 A matrix 

Upper row and 
how cells relate 
to each other 

 
Middle row 

 

 

Bottom row  
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The blocks are in fact the 1×3 A matrix 

Upper row to 
middle row 
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And the 1×N blocks for an M×bΧ 
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The M×N can be row reduced like this if the 1×M can 
ōŜ Ǌƻǿ ǊŜŘǳŎŜŘΧ ώa ґн όƳƻŘ оύϐ 
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Each 1×b Ŏŀƴ ōŜ Ǌƻǿ ǊŜŘǳŎŜŘ ƛŦ b ґн όƳƻŘ о) 
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End of the Proof 

So any M×N puzzle is solvable if the 1×N 
and 1×M versions are solvable. 
 
By our lemma,  this is true whenever 
b ґн όƳƻŘ о) and M ґн (mod 3) 
 
          QED  
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Open Problems / Future Work 

¸ Alternative lattice structures? 
 

¸ Alternative neighborhoods: 

¸ e.g. don't count yourself 
 

¸ Can we characterize when a puzzle is uniquely 
solvable when played on an arbitrary graph? 

1 

2 

2 

3 
2 

3 
2 
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Take Think-Tac-Toe with you! 

¸ Give the puzzles a try ς they're fun! 

¸ Give them to students 

¸ Solve an open question from the previous slide 

¸ Develop a new variation 

¸ Something completely different 

 

¸ And tell us about it ς we'd love to hear from you! 

http://www.stonedahl.com/thinktactoe/ 

http://www.stonedahl.com/thinktactoe/
http://www.stonedahl.com/thinktactoe/
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QUESTIONS? 
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Extra slides follow 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 

Å{ǘŀǊǘƛƴƎ ǿƛǘƘ ǘƘŜ ƎǊƛŘ ƻŦ ·Ωǎ ŀƴŘ hΩǎ 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 

ÅIƻǿ Ƴŀƴȅ ·Ωǎ ŀǊŜ ƛƴ ǘƘŜ ƴŜƛƎƘōƻǊƘƻƻŘΚ 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 



53 

/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 

ÅIƻǿ Ƴŀƴȅ ·Ωǎ ŀǊŜ ƛƴ ǘƘƛǎ ƴŜƛƎƘōƻǊƘƻƻŘΚ 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 

ÅAnd this neighborhood? 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 
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/ǊŜŀǘƛƴƎ tǳȊȊƭŜΧ 

Å{ƻ ƛǘΩǎ Ŝŀǎȅ ǘƻ ŎǊŜŀǘŜ ǘƘŜ ǇǳȊȊƭŜΣ 

 

 

 

 

 

 

       ōǳǘ ǘƘŜ Ŧǳƴ ǇŀǊǘ ƛǎ ǎƻƭǾƛƴƎ ƛǘΧ 


